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Goal: " m o v e " a pixelated ob j ec t

T h e mot ions t h a t w e w i l l consider a r e :

- decreasing o r increasing s i z e (scaling)

- r o t a t i n g t h e object (rotation)

- mov ing t h e ob jec t u p o r d o w n , l e f t o r

r i g h t (translation)

w e w a n t to e x p r e s s these m o t i o n s a s

ma t r i c e s .



Ex-amplet: (scaling) Given t h e vec to r

[35], increase t h e x -

coordinate by a factor o f 4

a n d decrease t h e y - coordinate

b y a factor o f 5 .

So lu t ion : w e w a n t a m a t r i x t h a t sends

[¥] t o [3'll5 -

CYs)]=[ '12
]

M a t r i x sends a 2×1 vector t o

a 2×1 v e c t o r

A [35] = [
' ?]

02×20120×1. ②× !



W e m u s t produce a 2 × 2

m a t r i x A

[off}]=C':]O '15

Chech :

[4
°

o
'is] (f)

= [4.340.5
O-3 t

'15.5]

= ( Y ) r



Scal ing i n G e n e r a l

Given [§], w e w a n t t o sca l e

× b y a factor o f C , y by

a factor o f d . Like o u r example,

the m a t r i x A t h a t effects t h i s

sca l ing m u s t b y 2×2 . T o find

i t s columns, input t h e bas i s v e c t o r s

[b) an d [ 9 ] :
(st co lumn

A . [ 'o):[8]
A . [9]:[do] 2nd column



S O

A = [Co f ] effects

t h e scaling.



Example2i (rotation) G iven a v e c t o r

[ I ] i n
1122, r o t a t e t h e

v e c t o r counterclockwise by 30?

Le t x = 4 = y .

Solution: Ro ta t i o n l o o k s l ike

fi÷÷4



T h e length o f t h e v e c t o r should

n o t change , o n l y t h e d i r e c t i o n i t

i s pointing i n s h o u l d change.

U s e X = r o s e ) , y - r s i nco )

t o e x p r e s s o u r o r i g i n a l vector

4 = r c o s c o ) = r s i n c o )

s i n c e -0=450, c o sCassino)-If,

s o 4 = r-og ,
and

r i f f = 452



W e w a n t

[4,1=(4520×45
0)

M¥51457
30)45 2

sinus]
" 452

sinlu
sitzo]

same magnitude

s o t h e transformation sends

[ ) ] to [402647
50)402 s i n

(759
]

w h a t a r e cosC 759 and

s i n 1 759 , exactly?



Go b a c k t o w r i t i n g 750=450+300

a n d u s e t h e ang l e addit ion formulas:

S i n ( A t B ) = s i n A ) costB ) t s ince) cosCA)

c o s t A t B ) = COSCA) coscB)-sincAlsin(B)

s i n (750) = s i n(450+300)

= s i n(450)1051300)
t s i n (300) cos(450)

=
52-2.51
2

t 12.12=564-1

c o s (750) = c o s (450+300)

= c o s (4596×300)
- s i n (450) s i n1300)

= of.-53 -

Ff.-12=56-412



(L) goes t o

[45
2

c o s (750)

452

sinca
so,]

= (Ara
(56¥12)

Ara

(rear))

= [2 (vs t l )
2 ( B
-i)) = 2$34]



Rotation i n General

s t a r t w i t h ( f ) = (rosco)-

since))

whe re r = i f f y and 0 i s (usually)

a r c t a n ( ¥ ) ( l ' t a n d 4th quadrants).

W a n t t o preserve t h e magnitude r

a n d r o t a t e i f degrees counterclockwise.

§):[rosco]
Fyroscot
a)

rsinioty,]

(s ince )



I c l a i m there i s a m a t r i x t h a t

does th i s ! I f t he re w e r e s u c h

a m a t r i x Ace ,
then

1st column o f Ace = Aye,-Ae [ 'o].
× coordinate

Bu t [Oof) = [ ' "so] wherer s i n o

y coordinate

-0=00 a n d F - I i

r : 5 ¥ = t o = I

Q = a r c t a n (E)-arctan ( F )

= a r c t a n ( O ) = 00.



(matrix [ { 1 ) ( I )

=[a-Xt
b. s

c . x t d .
y]

=L:÷ItC%:]
= x [9] t y [ I ]

1st column o f [{db] = [ { ]
w e se t x = l , y = 0

2ndc o l u m n of [{db],
x : O , 9=1 )



Aaf!]=[l-coscoote)]
1- s i n l o o t 6 1

(Osce)
= [since']

Simi l a r l y, t h e second column o f

§-coordinate

Ace i s Ace [09]
,

but

y-coordinate

here w e need t o b e careful !

r : 0 ¥ = f a t = L

What angle gives t h e v e c t o r ( 9 ] ?

We c a n take -0=90?



Ace [9) = Ae [1-c o s m o s
1 . s i n

(900)
)

= [Los( 9 0 7 e )sincaoote
,]

Using angle a d d i t i o n a g a i n ,

c o s(900+6)=(04×00) coshes-
Singo)

since)

O

= - s i n c e )

s i n(900T, = s i n 1900)Cos let t since#98)
T O

= costa)



T h e n t h e second c o l umn o f Ap i s

[sinceCosco,]. So

Ap =
(costal

-s ince ,

s ince)

costal
]

C h a n : Ace (5) =Ae[9¥81)

=
[Cosc
a

-since][coss
et

s i n c e cosca,

rsinco
,]

=
[rcoscoscosco)-
rsinlessinio)reoscolsinue)

trcosuesi
nia)



= [r (Cosco)lose , -s ince )
since))

r(s ince) code ) t since)

Cos
co))

=

(r coscote]
✓

r s i n l o t e )

again using angle a d d i t i o n .

S o

Ay =
[056
1

-since,

s i nce )

Cosc
a]



Exampled: (translation) can w e w r i t e

t h e translation t h a t adds 4

t o a n X-coordinate and subtracts

7 f rom a g - coordinate a s

a matrix?

Solution: Suppose the re w e r e a 2 × 2

m a t r i x A = [ { &] with

A [§):[Xtay-7].
I f s o , t h e n

A [8111]



B u t ,
a s w e s a w previously,

i f A = [9 'd ] ,

A- [ I ]=× [8) tf'd]
S o i f * = y = 0

,
t h e n

A [8) = of { I t off]

=[8) t .F I ]
T h i s shows, v i a a proof by contradiction,

t h a t A cannot b e a 2×2 matrix!



Problem: I f A i s a n m i n matrix,

t h e n

A § =
Em

.

T h a t i s ,
¥ F x , X x l
ma t r i c es a l w a y s send ze ro t o z e r o



S o l u t i o n : Homogeneous c o o rd i n a t e s -

used i n perspective i l l u s t ra t i ons .

W e identify t h e v e c t o r [ I ]
i n

1122 w i t h t h e vector

[§] i n
1123.

w e on l y

consider 3×3 ma t r i c e s t h a t

l e ave t h e t h i r d coordinate equal

t o o n e .



Translations i n homogeneous

c o o rd i n a t e s
'

.

T o m o v e a v e c t o r [§ ) t o

[{If,] ,
u s e homogeneous coordinates:

[ 5 ) h C's,].
Wa n t t o send

( f ) t o [ 'Ik).



T h e m a t r i x w i l l b e

[o
'
oh]I K

O 0 I

Chech :

[ 'o 9!) (ElO O I

o - x t 1 . g t K . I]t::::::::
= [ ' 'I:] r



Rotations and Scalings i n Homogeneous

Coo rd i na tes

T h e s e w o r k t h e s a m e w a y :

i f A i s a 2 × 2 m a t r i x ,

A = [{db], se n d i t t o t h e

3×3 m a t r i x

[{18O o I
] .

a
b 0

T h e n [c d o) (})
O O I

=c:÷÷÷÷: axis,
c . x t day t o . I]µ t d y



B u t

a x 1-b y

[a. yay 1=[1-5,51]

s o t h e operations o f A a r e preserved.



Example: ( a l l t h r e e operations)

w r i t e d o w n t h e 3 × 3 ma t r i x that,

i n homogeneous coord ina tes ,

f i r s t s c a l e s the X - coordinate u p

by 3 a n d y - coordinate down by

4 , then translates t h e X-coordinate

l e f t by 10 and t h e g - coordinate

u p b y 8 , a n d finally ,
rotates

t h e v e c t o r b y 450 counterclockwise.



A = sca l i ng = [3
0

% 8
o u l)

B = translation? [to} ,"0 I 8 )

c = rotation:[F - F 8,]
B of
O 0

A l l th ree ,
i n order indicated:

mu l t ip l y C . B - A



Reason: you're mult ip ly ing o n t h e l e f t

o f [ I , ]
( 'B'ft [§))


